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Abstract
This paper represents a step toward a model structure on pro-spectra in which the weak equivalences are the maps inducing
pro-isomorphisms of all pro-homotopy groups. We construct a category in which these weak equivalences are inverted and show
that we have not inverted “too much,” in the sense that isomorphic objects still give pro-isomorphic cohomology groups.
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0. Introduction
It would be very useful to have a model structure on the category of pro-spectra in which the weak equivalences
were the maps inducing pro-isomorphisms of all pro-homotopy groups. Such model structures are known for pro-
spaces; for example Grossman constructed one for towers of spaces [5], which Isaksen generalized to general pro-
spaces [6]. However, no such model structure on pro-spectra is yet known, nor do we give one here. Edwards and
Hastings [3] did give a model structure on the category of pro-spectra, but they used essentially levelwise weak
equivalences, a stronger notion than the one above. (Isaksen [7] extended their construction to more general pro-
categories.) Fausk and Isaksen [4] give a model structure on pro-spectra in which a weak equivalence is a map that
induces pro-isomorphisms of all pro-homotopy groups but must also be an essentially levelwise m-equivalence for
some m, hence again these weak equivalences are stronger than would be ideal.
This paper represents a step toward the model structure we desire, and supplies justification for claims we make
in [2]. We work with towers of G-spectra, which we call tow-G-spectra, and construct a homotopy category in
which weak equivalences are inverted. Although this may not be the localization at the weak equivalences, we do
show that towers that are equivalent in this category have isomorphic pro-homotopy groups and give isomorphic
pro-cohomology theories.
To construct this homotopy category we work in a category of ind-pro-G-spectra, namely the full subcategory
generated by levelwise sequences of towers of G-spectra, which we call seq-tow-G-spectra. We define a notion of
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weak equivalences (without defining a full model structure).
Key steps in our arguments involve constructing maps between certain tow-spectra, requiring in turn the solution
of multiple lifting problems, so we show in Section 1 that we can specialize to fibrant tow-G-spectra, the tow-G-
spectra for which these lifting problems can automatically be solved. The main result in this section is that every
tow-G-spectrum can be replaced by a fibrant tow-G-spectrum. Along the way, we introduce an interesting notion of
well-behaved pairs of inverse homotopy equivalences we refer to as adjoint homotopy equivalences (Definition 1.9).
We invert the weak equivalences by constructing a class of cell complexes and then using cellular approximation
together with fibrant approximation to give us the required localization. The class of cell complexes we use is described
in Section 3, and our cellular approximation result is Theorem 3.4.
In Section 4 we describe the weak equivalences between seq-tow-G-spectra, prove a Whitehead Theorem, and also
our localization result (Theorem 4.10). Finally, we show that equivalent tow-G-spectra have isomorphic equivariant
pro-homotopy groups and determine isomorphic pro-cohomology theories.
1. Fibrations
We work in the full subcategory of pro-GS , the category of pro-G-spectra, consisting of all pro-spectra isomorphic
to towers. This subcategory, tow-GS , includes any pro-G-spectrum whose indexing set has a countable cofinal subset.
We shall use the notation X[∗] to denote a pro- or tow-G-spectrum, whose individual G-spectra are the X[i] as i
ranges over the indexing set. For towers, we take the indexing set to be the non-negative integers, with structure maps
X[i] → X[i − 1].
Definition 1.1. A map f :X[∗] → Y [∗] of pro-G-spectra is a weak equivalence if, for each integer n, the induced
map f∗ : π¯nX[∗] → π¯nY [∗] is a pro-isomorphism of pro-Mackey functors. Here, π¯nZ is the Mackey functor defined
by π¯nZ(G/H) = πHn Z = πn(ZH ).
Definition 1.2. A map X[∗] → Y [∗] of tow-G-spectra is a fibration if it has a levelwise representative in which each
map X[i] → X[i − 1]×Y [i−1] Y [i] is a Hurewicz fibration of G-spectra. A tow-G-spectrum X[∗] is fibrant if the map
X[∗] → ∗ is a fibration. Equivalently, each map X[i] → X[i − 1] is a fibration of G-spectra.
We first need the following facts about fibrations.
Lemma 1.3. If X[∗] → Y [∗] is a fibration, then it has the homotopy lifting property, meaning that, for any pro-G-
spectrum A[∗] we can always find a lift in the following diagram:
A[∗]
i0
X[∗]
A[∗] ∧ I+ Y [∗]
Proof. We construct the lift by induction. The inductive step requires a lift in the following diagram:
A[j ]
i0
X[i]
A[j ] ∧ I+ X[i − 1] ×Y [i−1] Y [i]
The map on the right is a fibration by definition, hence we can always find such a lift. 
Lemma 1.4. If X[∗] → Y [∗] is a fibration then, for every i, the maps X[i] → Y [i] and X[i − 1] ×Y [i−1] Y [i] → Y [i]
are fibrations of G-spectra.
Proof. We proceed by induction on i. The beginning of the induction is easy, so suppose the result true for i − 1.
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follows that the composite X[i] → X[i − 1] ×Y [i−1] Y [i] → Y [i] is a fibration. 
Lemma 1.5. Suppose X[∗] → Y [∗] is a levelwise map of tow-G-spectra and let P [i] = X[i − 1] ×Y [i−1] Y [i]. If
X[∗] → Y [∗] is a fibration and a weak equivalence, then X[∗] → P [∗] is also a weak equivalence.
Proof. Let F [i] be the fiber of X[i] → Y [i]. From the long exact sequences, it follows that F [∗] is acyclic. By the
preceding lemma, we have the following diagram of fibrations:
F [i − 1] P [i] Y [i]
F [i − 1] X[i − 1] Y [i − 1]
Hence, the fiber of P [∗] → Y [∗] is also F [∗], hence P [∗] → Y [∗] is a weak equivalence. It follows that so is X[∗] →
P [∗]. 
Lemma 1.6. If X[∗] → Y [∗] is a fibration, B[∗] → Y [∗] is a levelwise map, and A[∗] → B[∗] is the pullback, then
A[∗] → B[∗] is a fibration.
Proof. It suffices to show that, for each i, A[i] is the pullback in the following diagram:
A[i] X[i]
A[i − 1] ×B[i−1] B[i] X[i − 1] ×Y [i−1] Y [i]
To see that A[i] is the pullback, consider the following diagram:
X[i] X[i]
Q A[i]
X[i − 1] ×Y [i−1] Y [i] Y [i]
A[i − 1] ×B[i−1] B[i] B[i]
X[i − 1] Y [i − 1]
A[i − 1] B[i − 1]
In this diagram, the bottom face, the lower front and back faces, and the top left and right faces are pullback squares;
Q is the pullback in question. Chasing the diagram shows that, given compatible maps from an object to X[i] and
B[i], there is a unique map into Q making the diagram commute. It follows that Q is the pullback B[i] ×Y [i] X[i],
that is, Q ∼= A[i] as desired. 
Corollary 1.7. If X[∗] → Y [∗] is a fibration and F [∗] is the (levelwise) fiber, then F [∗] is fibrant. 
Now we turn to the question of approximating maps with fibrations. The basic construction is simple, based on
iterating the usual construction for spaces or spectra. Recall that, if f :A → B is a map of G-spectra, we write
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is a Hurewicz fibration.
Definition 1.8. Let f :A[∗] → B[∗] be a levelwise map of tow-G-spectra. We define a factorization of f as
A[∗] φ Ff [∗] f ′ B[∗]
as follows. Adopting the convention that X[−1] = ∗ for every tower, suppose that Ff [i − 1] has been constructed.
Define Ff [i] in the usual way so that
A[i] φ Ff [i] Ff [i − 1] ×B[i−1] B[i]
is a factorization of A[i] → Ff [i − 1] ×B[i−1] B[i] into a homotopy equivalence followed by a Hurewicz fibration.
When B[∗] = ∗, we write FA[∗] for Ff [∗], so that FA[∗] is a fibrant approximation of A[∗].
It is straightforward to show that F , defined on levelwise arrows, is functorial on pro-maps between such arrows. In
particular, FA[∗] is functorial on the category of tow-G-spectra and pro-maps. It is clear that φ is a natural (levelwise)
weak equivalence, and that f ′ is a fibration. We wish to show that, when A[∗] and B[∗] are fibrant, then φ is a pro-
homotopy equivalence. To that end, we need the following idea.
Definition 1.9. Let B and C be G-spectra. Two maps φ :B → C and ψ :C → B are adjoint homotopy equivalences
if we are given homotopies η : 1B → ψφ (the unit) and ε :φψ → 1C (the counit) such that the composites
φ
φη
φψφ
εφ
φ
and
ψ
ηψ
ψφψ
ψε
ψ
are each homotopic to the constant homotopy, rel endpoints.
The point of this definition is that it allows us to lift homotopy equivalences as in the following result.
Proposition 1.10. Suppose that, in the following diagram, φ and ψ are adjoint homotopy equivalences with unit and
counit η and ε. Suppose also that α and β are fibrations and that f ′ is the usual approximation of f by a fibration and
φ˜ is the usual inclusion. Then ψ˜ exists making the diagram commute and φ˜ and ψ˜ are adjoint homotopy equivalences
with unit and counit η˜ and ε˜ covering η and ε:
A
φ˜
f
α
Ff
ψ˜
f ′
A
D
β
B
φ
C
ψ
B
Moreover, this construction is natural, in the following sense. Suppose we have a commutative diagram as follows:
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f ′
α′
D′
β ′
A
α
D
β
B ′
φ′
C′
ψ ′
B ′
B
φ
C
ψ
B
Suppose that α′ is a fibration compatible with α in the sense that there exist lifting functions for each, compatible in
the obvious way. Suppose the same for β ′ and β . Suppose also that φ′ and ψ ′ are adjoint homotopy equivalences with
unit and counit and homotopies exhibiting them as such compatible with those of φ and ψ . Then, the maps ψ˜ and ψ˜ ′
constructed, and the units, counits, and homotopies constructed along with them, are all compatible.
Proof. Let us begin by establishing some notation for dealing with these various maps. Recall that Ff = A ×D DI .
We write
φ˜(a) = (a, κ(f (a)))
where κ(d) denotes the constant path at d . Technically, what this really means is that φ˜ is the map into the pullback
determined by the identity map A → A and the evident composite A → D → DI , but we find the functional notation
convenient.
To describe ψ˜ we need to use a lifting function λ for the fibration α. That is, writing A ×B BI for the pullback in
the following square, λ :A×B BI → AI is a section of the evident map AI → A×B BI :
A×B BI BI
p0
A α B
We can then write
ψ˜(a,ω) = p1λ
(
a,η
(
α(a),−) ∗ψβω).
Here, ω is a path in D, η(α(a),−) is the path determined by η, from α(a) to ψφα(a), and “∗” denotes path compo-
sition.
It is easy to see that the diagram now commutes. More interesting is the construction of the homotopies η˜ and ε˜.
We begin with η˜. From the formulas above we get
ψ˜φ˜(a) = p1λ
(
a,η
(
α(a),−) ∗ψβκ(f (a)))
= p1λ
(
a,η
(
α(a),−) ∗ κ(ψφα(a))).
Fig. 1 describes the construction of η˜. The figure defines a homotopy A × I → A ×B BI applied to a ∈ A, with the
homotopy coordinate running from bottom to top. If the dashed line is at height s, on its first half it follows η(α(a),u)
for u running from 0 to s; on its second half it remains constant at η(α(a), s). We then apply p1λ to get η˜ :A× I → A.
To define ε˜, we first note that
φ˜ψ˜(a,ω) = (p1λ
(
a,η
(
α(a),−) ∗ψβω), κ(fp1λ
(
a,η
(
α(a),−) ∗ψβω))).
If we write d = fp1λ(a,η(α(a),−) ∗ψβω), then note that
β(d) = φαp1λ
(
a,η
(
α(a),−) ∗ψβω)
= φp1
(
η
(
α(a),−) ∗ψβω)
= φψβω(1).
S.R. Costenoble, S. Waner / Topology and its Applications 154 (2007) 1178–1194 1183Fig. 1. η˜.
Fig. 2. ε˜.
Fig. 2 describes the construction of ε˜. The figure describes a homotopy Ff × I → A ×B BI ×C CI , applied to
(a,ω) ∈ Ff , with the homotopy coordinate again running bottom to top. In the square on the right, the large region
labeled ε is filled in with the homotopy ε :φψβω → βω. The unlabeled semicircular path is, from bottom to top,
a copy of the path
ε
(
βω(0),−) :φψβω(0) → βω(0).
Now, βω(0) = βf (a) = φα(a), so this path is also
ε
(
φα(a),−) :φψφα(a) → φα(a).
If we follow the path labeled φη and then the semicircular path, we are following the homotopy φη ∗ εφ applied to
the point α(a). By the assumption that we have an adjoint homotopy equivalence, this path is null homotopic. Hence,
we can fill in the remaining half disc they surround.
To obtain ε˜ we now apply fp1λ to the homotopy into A ×B BI . Combining with the homotopy into CI we get a
homotopy into D ×C CI . Using the evident lifts on the bottom and top of the square, we now lift to a homotopy in D.
Combined with the endpoint of the lift to A, we now have the homotopy ε˜ :Ff × I → Ff , from φ˜ψ˜ to the identity,
covering ε, as desired.
Fig. 3 shows, from bottom to top, the homotopy
φ˜
φ˜η˜
φ˜ψ˜ φ˜
ε˜φ˜
φ˜.
The square in the bottom right of the figure has each horizontal line a constant path. Now, by sliding the contents of
these boxes off the right edge, and sliding in a constant map from the left, we see that this homotopy is homotopic, rel
endpoints, to a constant homotopy.
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Fig. 4 shows, from bottom to top, the homotopy
ψ˜
η˜ψ˜
ψ˜ φ˜ψ˜
ψ˜ε˜
ψ˜
applied to a point (a,ω). Precisely, we get the homotopy by lifting this picture to A and then taking the right edge.
Tracing through the definitions, we can see that the bottom edge is lifted by applying λ to η ∗ψβω and then following
by a constant path, while the top edge is lifted to a constant path followed by λ applied to η ∗ ψβω. Now, Fig. 4 is
homotopic, rel top, bottom, and left sides, to Fig. 5. Such a homotopy gives a map of a cube into B with Figs. 4 and 5
as the bottom and top faces. We can lift five of the faces of this cube into A. On the top face we use the lift that is
constant on the triangles and always lifts η ∗ψβω to λ(η ∗ψβω). We then use the fibration property to lift the whole
cube. The right side of the cube then gives the desired homotopy.
For the last statement of the proposition, the constructions above, applied to A′, B ′, C′, and D′, will be compatible,
given all of the compatibility assumed in the hypotheses. 
As a corollary we get the following result.
Theorem 1.11. If X[∗] and Y [∗] are fibrant and f :X[∗] → Y [∗] is a levelwise map, then we can factor f as
X[∗] φ Ff [∗] f ′ Y [∗]
where φ is a pro-homotopy equivalence and f ′ is a fibration. Moreover, suppose we have the following levelwise
diagram:
X[∗] f Y [∗]
X′[∗]
f ′ Y
′[∗]
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Fig. 5.
If the maps X[∗] → X′[∗] and Y [∗] → Y ′[∗] preserve (levelwise) lifting functions, then the homotopy equivalence is
natural, in the sense that the arrows X[∗] → X′[∗] and Ff [∗] → Ff ′[∗] are homotopy equivalent by the homotopy
inverses and homotopies constructed as in Proposition 1.10.
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pro-homotopy inverse ψ to φ inductively. Suppose that we have already shown that the map φ :X[i − 1] → Ff [i − 1]
is an adjoint homotopy equivalence with inverse equivalence ψ . Consider the following diagram:
X[i] φ Ff [i] ψ X[i]
Ff [i − 1] ×Y [i−1] Y [i]
X[i − 1]
φ
Ff [i − 1]
ψ
X[i − 1]
We fill in the top right map as in Proposition 1.10, obtaining a map ψ so that φ and ψ are adjoint homotopy
equivalences, with homotopies compatible with those at level i − 1. By this compatibility, ψ :Ff [∗] → X[∗] is a
pro-homotopy inverse to φ.
The naturality of this homotopy equivalence follows from the naturality of Proposition 1.10. 
The following lemma will be used in proving that, up to homotopy, FA[∗] is the “free” fibrant tow-G-spectrum on
A[∗].
Lemma 1.12. Consider the following diagram of spectra:
A
f
φ
Ff
φ˜,ψ˜
β
F (φβ)
B
φ	ψ C
Suppose given a homotopy h :φ → ψ and suppose further that φf = ψf , hf is constant, and h is constant on some
initial segment [0, s], where 0 < s  1. Let φ˜ and ψ˜ be the lifts of φ and ψ defined by
φ˜(a,ω) = (a,ω, κφω(1))
and
ψ˜(a,ω) = (a, κf (a),ψω).
Then, there exists a homotopy h˜ : φ˜ → ψ˜ covering h, constant on some initial segment, and such that h˜φ is constant.
Moreover, this construction can be made natural in the given data.
Proof. The homotopy is the one described in Fig. 6. Here, the block in C above the line at height s is the restric-
tion h|[s,1] applied to ω. It is straightforward to check that the homotopy h˜ described by this picture satisfies the
requirements of the lemma, including naturality. 
As a corollary we get the following.
Proposition 1.13. If A[∗] is any tow-G-spectrum, then φ 	 Fφ :FA[∗] → F 2A[∗]. Moreover, this homotopy can be
constructed naturally in A[∗].
Proof. We construct the homotopy by induction. The inductive step uses the following diagram:
A[i] φ FA[i] φ,Fφ F 2A[i]
A[i − 1]
φ
FA[i − 1]
φ	Fφ F
2A[i − 1]
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In the trivial case i = 0 we can take the homotopy to be constant. So, we can assume, in general, that the homotopy at
level i − 1 satisfies the hypotheses of the preceding lemma, and we can construct a homotopy at level i that does also.
Naturality follows from the naturality of the preceding lemma. 
Theorem 1.14. The fibrant approximation functor F is left adjoint to the inclusion of the category of fibrant tow-G-
spectra in the category of all tow-G-spectra, when we pass to homotopy. That is, writing [−,−]hG for the set of maps
between tow-G-spectra, modulo pro-homotopy,
[
A[∗],X[∗]]h
G
∼= [FA[∗],X[∗]]hG
for any A[∗], if X[∗] is fibrant.
Proof. The unit of the adjunction is given by φ :A[∗] → FA[∗]. By Theorem 1.11, φ is a pro-homotopy equivalence
when applied to a fibrant tow-G-spectrum. We let ψ :FX[∗] → X[∗] be the inverse isomorphism in the homotopy
category, when X[∗] is fibrant; this is the counit. To show that we have an adjunction it then suffices to show that the
following two composites are each the identity:
X[∗] φ FX[∗] ψ X[∗]
for fibrant X[∗], and
FA[∗] Fφ F 2A[∗] ψ FA[∗]
for any A[∗]. The first composite is the identity by definition of ψ . For the second composite, we showed in Proposi-
tion 1.13 that Fφ 	 φ, so this composite is also the identity. 
2. Sequences of towers
As mentioned in the introduction, we work in a certain full subcategory of ind-pro-GS :
Definition 2.1. The category seq-tow-GS is the full subcategory of ind-pro-GS on the objects isomorphic to func-
tors on N × Nop, where N denotes the category of non-negative integers with arrows going from small integers to
larger ones. The notion of homotopy in seq-tow-GS is the same as in ind-pro-GS ; a homotopy of two ind-pro-maps
out of an ind-pro-G-spectrum X is an ind-pro-map out of X ∧ I+, the objectwise smash product.
If X is a seq-tow-G-spectrum, we shall write X[i, j ] for the spectrum at (i, j) ∈N×Nop, or X[∗,∗] for X. Thus,
the first index is the ind-index and the second the pro-index.
Our seq-tow-G-spectra are represented by objects with very strict internal maps, but morphisms between them are
allowed to be arbitrary ind-pro-G-maps. However, it turns out that we can make individual maps strict as well:
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that is, a natural transformation of functors on N×Nop.
Proof. We may assume that X and Y are functors on N × Nop and, as for any ind-map, we may assume that f is
levelwise with respect to the ind-index. Define a seq-tow-G-spectrum Z by Z[i, j ] = Y [i, j ] if i  j and Z[i, j ] = ∗
if i > j . The obvious levelwise map Y → Z is an ind-pro-isomorphism, so we may assume that Y [i, j ] = ∗ for i > j .
We now construct, by induction, integers k1 < k2 < · · · and maps X[i, kj ] → Y [i, j ] representing f as a natural
transformation. Assuming we have done so for integers less than j , choose kj large enough that we have representa-
tives X[i, kj ] → Y [i, j ] of f for i  j , compatible with the choices made for smaller j ; we can do this because there
are only finitely many conditions. For i > j , we simply take the unique map X[i, kj ] → Y [i, j ] = ∗.
Since these maps represent the original f , if we let W [i, j ] = X[i, kj ], the resulting levelwise map W [∗,∗] →
Y [∗,∗] is isomorphic to f . 
By naturality, several of the results of the preceding section extend to seq-tow-G-spectra. We first introduce the
following definition.
Definition 2.3. A levelwise map X[∗,∗] → Y [∗,∗] of seq-tow-G-spectra is a fibration if X[i,∗] → Y [i,∗] is a fibra-
tion for all i, with the lifting functions at level i compatible with those at level i + 1. A seq-tow-G-spectrum X[∗,∗]
is fibrant if the map X[∗,∗] → ∗ is a fibration; equivalently, each X[i, j ] → X[i, j − 1] is a fibration, with lifting
function compatible with that for X[i + 1, j ] → X[i + 1, j − 1].
Theorem 2.4. If X[∗,∗] and Y [∗,∗] are fibrant and f :X[∗,∗] → Y [∗,∗] is a levelwise map, then we can factor f
as
X[∗,∗] φ Ff [∗,∗] f ′ Y [∗,∗]
where φ is a seq-tow-G-homotopy equivalence and f ′ is a fibration.
Proof. This follows by applying Theorem 1.11 to each seq-level and appealing to the naturality of that result. 
Theorem 2.5. The fibrant approximation functor F is left adjoint to the inclusion of the category of fibrant seq-tow-G-
spectra in the category of all seq-tow-G-spectra, when we pass to homotopy. That is, writing [−,−]hG for the set of
maps between seq-tow-G-spectra, modulo ind-pro-homotopy,
[
A[∗,∗],X[∗,∗]]h
G
∼= [FA[∗,∗],X[∗,∗]]hG
for any A[∗,∗], if X[∗,∗] is fibrant.
Proof. The proof is the same as for Theorem 1.14, using the naturality of Proposition 1.13. 
3. Cell complexes
Definition 3.1. An n-sphere object is a tow-G-spectrum S[∗] such that each S[i] is a wedge of n-spheres, by which
we mean spectra of the form G/H+ ∧ Sn. Disc objects are defined similarly.
For each n-sphere object S[∗] there is a corresponding (n + 1)-disc object D[∗] obtained by filling in the spheres
and a map S[∗] → D[∗] that we call an n-cell object.
Our cell complexes will be seq-tow-G-spectra. We shall tacitly consider any tow-G-spectrum to be a seq-tow-G-
spectrum with a single seq-level.
Definition 3.2. A relative cell complex is a seq-tow-map A[∗,∗] → B[∗,∗] of seq-tow-G-spectra where B[∗,∗] =
colimn An[∗,∗], A[∗,∗] = A0[∗,∗], and each An+1[∗,∗] is obtained from An[∗,∗] by pushing out along a cell object.
We call {An[∗,∗]} the attachment sequence. If A[∗,∗] = ∗, we call B[∗,∗] a cell complex.
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Theorem 3.4. If f :A[∗,∗] → B[∗,∗] is a seq-tow-map, then there exists a relative cell complex A[∗,∗] → Γf [∗,∗]
and a seq-tow-map ξ :Γf [∗,∗] → B[∗,∗] such that
(1) Γf [i,∗] → B[i,∗] is levelwise for i  1, and
(2) for each pair of integers m  n, there exists a cofinal sequence of indices i such that π¯p(ξ) : π¯pΓf [i, j ] ∼=
π¯pB[i, j ] for all j and all m p  n.
Proof. We can assume that f is a levelwise map. Let A0[∗,∗] = A[∗,∗]. We construct a sequence of seq-tow-G-
spectra {Ak[∗,∗]} inductively, with levelwise maps Ak[∗,∗] → B[∗,∗] such that π¯pAk[, j ] → π¯pB[, j ] is an
isomorphism for − p   for all  k and for all j . Assume Ak−1[∗,∗] already constructed.
If we want to kill the kernel of the map π¯pAk−1[k, j ] → π¯pB[k, j ], we should attach all the cells coming from
diagrams of the form
G/H+ ∧ Sp Ak−1[k, j ]
G/H+ ∧Dp+1 B[k, j ]
Let S[j ] → D[j ] be the wedge of all the maps in the diagram above. S[∗] and D[∗] are tow-G-spectra by composition
and we get the following diagram:
S[∗] Ak−1[k,∗]
D[∗] B[k,∗]
Now, attach (p + 1)-cells in this way for −k  p  k + 1 and let Ak[∗,∗] be the result of this finite number of
attachments. It is not difficult to see that Ak[∗,∗] satisfies the inductive hypothesis.
Now let Γf [∗,∗] = colimk Ak[∗,∗]. As we remarked above, we can identify Γf [∗,∗] as the seq-tow-G-spectrum
given by Γf [k, j ] = Ak[k, j ]. The claims in the theorem now follow from the construction of Ak[∗,∗]. 
4. Weak equivalences
The object of this section is to show that, for certain kinds of seq-tow-G-spectra, weak equivalences are homotopy
equivalences.
Lemma 4.1. If F [∗] is fibrant with π¯nF [∗] = 0 and π¯n+1F [∗] = 0, and α :S[∗] → F [∗] is a pro-map from an n-sphere
object, then α extends to β :D[∗] → F [∗] where D[∗] is the corresponding disc object.
Proof. We construct, by induction, compatible extensions βi :D[ji] → F [i]. We begin with the case i = 0. We first
choose a k0 such that π¯n+1F [k0] → π¯n+1F [0] is 0. Now, using the fact that π¯nF [∗] is 0, we choose an extension
β¯0 :D[j0] → F [k0] of the map from S[j0], for some sufficiently large j0. We let β0 be the composite D[j0] →
F [k0] → F [0].
Now suppose that we have constructed βi as a composite of β¯i :D[ji] → F [ki] with the structure map
F [ki] → F [i], where ki is such that the map π¯n+1F [ki] → π¯n+1F [i] is 0. Choose a ki+1  ki such that
π¯n+1F [ki+1] → π¯n+1F [i + 1] is 0. Again using the fact that π¯nF [∗] is 0, we can choose a ji+1  ji and a map
β¯i+1 :D[ji+1] → F [ki+1] extending the map from S[ji+1]. We now compare the composite
D[ji+1] β¯i+1 F [ki+1] F [ki] F [i]
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D[ji+1] D[ji] β¯i F [ki] F [i].
These two maps agree on S[ji+1] hence glue together to define an element of π¯n+1F [i]. However, since these maps
factor through F [ki], this homotopy element is 0. Therefore, the two composites are homotopic rel S[ji+1]. Using the
assumption that F [ki+1] → F [i] is a fibration, we can adjust β¯i+1, rel boundary, so that the two composites are in fact
equal. This completes the inductive step. 
Proposition 4.2. Let f :X[∗] → Y [∗] be a fibration.
(1) If π¯nf , π¯n+1f , and π¯n+2f are all isomorphisms, then, for every n-sphere object S[∗] and corresponding disc
object D[∗], we can always find a lift in the following diagram:
S[∗] X[∗]
D[∗] Y [∗]
(2) If we can always find a lift in the diagram above, for every n-sphere object S[∗] and corresponding disc object
D[∗], and for every (n+ 1)-sphere object S[∗] and corresponding disc object D[∗], then π¯nf is an isomorphism.
(3) The map f is a weak equivalence if and only if, for every sphere object S[∗] and corresponding disc object D[∗],
we can always find a lift in the diagram above.
Proof. For the first statement, suppose that π¯nf , π¯n+1f , and π¯n+2f are all isomorphisms, and consider the following
lifting problem:
S[∗] α X[∗]
D[∗] γ
β
Y [∗]
By Lemma 1.3, we can find a lift in the following diagram, where the map S[∗] ∧ I+ → D[∗] is a contraction to the
basepoint:
S[∗]
i0
α
X[∗]
S[∗] ∧ I+
h
D[∗] γ Y [∗]
Note that h1 maps S[∗] into the fiber F [∗] and that F [∗] is fibrant and, by the long exact homotopy sequence, satisfies
the hypotheses of Lemma 4.1. So, we can extend h1 to a map β¯ :D[∗] → F [∗]. Now consider the following lifting
problem:
S[∗] ∧ I+ ∪D[∗] h∪β¯
i1
X[∗]
D[∗] ∧ I+ c
H
Y [∗]
Here, c is a contraction along γ extending the contraction of S[∗] we used earlier. That we can find the lift H follows
from Lemma 1.3. The map β = H0 is then the lift we were seeking.
S.R. Costenoble, S. Waner / Topology and its Applications 154 (2007) 1178–1194 1191For the second statement, suppose that we can find the indicated lifts. Since the category of pro-Mackey functors
is abelian [1], it suffices to show that the kernel and cokernel of π¯nX[∗] → π¯nY [∗] are pro-zero. We first show that
the kernel is pro-zero. For each i, consider all possible diagrams of spectra of the following form:
G/H+ ∧ Sn X[i]
G/H+ ∧Dn+1 Y [i]
Let S[i] → D[i] be the wedge of all of the maps G/H+ ∧ Sn → G/H+ ∧Dn+1 used above, and let
S[i] X[i]
D[i] Y [i]
be obtained by taking the wedge of all the maps in the diagrams above. By composition, S[∗] and D[∗] are tow-G-
spectra and we have the following diagram, in which we can find a lift β by assumption:
S[∗] X[∗]
D[∗]
β
Y [∗]
To say that the kernel of π¯nX[∗] → π¯nY [∗] is pro-zero is to say that, for each j there is an i such that
ker
(
π¯nX[i] → π¯nY [i]
) → π¯nX[j ]
is the zero map. That this is true follow from the existence of the lift β above.
To show that the cokernel is zero, we need to show that, for each j , there exists an i such that
im
(
π¯nY [i] → π¯nY [j ]
) ⊂ im(π¯nX[j ] → π¯nY [j ]
)
.
To show that this is so, it suffices to solve the following lifting problem:
D−[∗] X[∗]
S[∗] Y [∗]
Here, D−[∗] → S[∗] is formed by taking, at each level, the wedge of all diagrams of the form:
G/H+ ∧Dn− X[i]
G/H+ ∧ Sn Y [i]
where Dn− is one hemisphere of Sn. If E[i] denotes the equator of S[i] and D+[i] the other hemisphere, we have the
following diagram, in which the square on the left is a pushout, E[∗] is a sphere object, and D+[∗] is its corresponding
disc object:
E[∗] D−[∗] X[∗]
D+[∗] S[∗] Y [∗]
By assumption, we can find the indicated lift. Since S[∗] is the pushout it follows that we can find the lift we want.
The final statement follows immediately from the first two. 
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homotopy groups, and was settled on after trying several alternatives, as the one which allows us to get Theorem 4.8
below.
Definition 4.3. A map of seq-tow-G-spectra is a weak equivalence if it has a levelwise representative
X[∗,∗] → Y [∗,∗] such that, for each pair of integers m  n, there exists a cofinal sequence of indices i such that
π¯pX[i,∗] → π¯pY [i,∗] is a pro-isomorphism for all m p  n.
Corollary 4.4. Acyclic fibrations of seq-tow-G-spectra have the right lifting property with respect to relative cell
complexes.
Proof. We construct a lift by induction on the index of the attachment sequence of the cell complex. The inductive
step requires a lift in the following diagram, where S[∗] → D[∗] is a (n+ 1)-cell object:
S[∗] X[∗,∗]
D[∗] Y [∗,∗]
We can assume that the cell maps into a seq-index i such that X[i,∗] → Y [i,∗] is a π¯p isomorphism for n p  n+2.
We can then find a lift using the preceding proposition. 
Proposition 4.5. Weak equivalences between fibrant seq-tow-G-spectra have the homotopy right lifting property with
respect to relative cell complexes.
Proof. Let f :X[∗,∗] → Y [∗,∗] be a weak equivalence of fibrant seq-tow-G-spectra; by Proposition 2.2 we
may assume that f is levelwise. By Theorem 2.4, we can factor f as a seq-tow-G-homotopy equivalence
X[∗,∗] → Ff [∗,∗] followed by a fibration Ff [∗,∗] → Y [∗,∗]. Therefore, consider the following diagram, in which
A[∗,∗] → B[∗,∗] is a relative cell complex:
A[∗,∗] X[∗,∗] 	 Ff [∗,∗]
B[∗,∗] Y [∗,∗]
We can find the dotted arrow by the preceding corollary. Composing with an inverse homotopy equivalence
Ff [∗,∗] → X[∗,∗] we get a homotopy lifting. 
As a consequence of the preceding proposition, we get the following form of Whitehead’s Theorem.
Theorem 4.6. Let f :X[∗,∗] → Y [∗,∗] be a weak equivalence of fibrant seq-tow-G-spectra. Then, for any cellular
seq-tow-G-spectrum A[∗,∗], we have f∗ : [A,X]hG ∼= [A,Y ]hG.
Proof. To see that f∗ is an epimorphism, apply the preceding proposition to the relative cell complex ∗ → A. To see
that it is a monomorphism, apply the proposition to A∨A → A∧ I+. 
Definition 4.7. A well-behaved seq-tow-G-spectrum is one that has the form FA[∗,∗] where A[∗,∗] is a cellular
seq-tow-G-spectrum.
The reason for this name is the following result.
Theorem 4.8. A weak equivalence between well-behaved seq-tow-G-spectra is a homotopy equivalence.
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[FB,FA]hG ∼= [B,FA]hG
∼= [B,FB]hG
∼= [FB,FB]hG.
The first and last of these isomorphisms is given by Theorem 2.5. The middle isomorphism is an application of
Whitehead’s Theorem. Moreover, it is easy to see that the composite isomorphism is given by composition with f .
Let g :FB → FA be the map corresponding to the identity on FB via this isomorphism. Then fg is homotopic to
the identity on FB . Now g is a weak equivalence because f is, so the same argument applied to g produces a map h
such that gh is homotopic to the identity. It follows that f and g are inverse homotopy equivalences. 
We now have the machinery in place to invert weak equivalences. If X[∗,∗] is an arbitrary seq-tow-G-spectrum,
we have the following weak equivalences:
X[∗,∗] ← ΓX[∗,∗] → FΓX[∗,∗]
where ΓX[∗,∗] is cellular (Theorem 3.4) and FΓX[∗,∗] is well-behaved. Further, if f :X[∗,∗] → Y [∗,∗] is a
seq-tow-map, the functoriality of Γ and F give us the following diagram:
X[∗,∗]
f
Γ X[∗,∗]
Γf
FΓX[∗,∗]
FΓf
Y [∗,∗] Γ Y [∗,∗] FΓ Y [∗,∗]
If f is a weak equivalence, it is clear from the diagram above that Γf and FΓf are also weak equivalences. By
Theorem 4.8, FΓf is then a homotopy equivalence, so becomes an isomorphism on passing to homotopy classes of
maps.
Definition 4.9. The homotopy category of seq-tow-G-spectra is the one with mapping sets defined by
[X,Y ]G = [FΓX,FΓ Y ]hG.
By the above discussion, we have the following result.
Theorem 4.10. The homotopy category of seq-tow-G-spectra is the localization of the category of seq-tow-G-spectra
at the class of weak equivalences. That is, any functor on the category of seq-tow-G-spectra that takes weak equiva-
lences to isomorphisms factors uniquely through the homotopy category.
We can consider the full subcategory h(tow-GS ) of the homotopy category consisting of the tow-G-spectra. In
this subcategory the weak equivalences are inverted, but it is not clear that the category is the localization at the weak
equivalences. However, we do have the following, which says that we have not inverted too much.
Recall that, if X[∗] is a tow-G-spectrum, it defines a tow-Mackey functor-valued RO(G)-graded cohomology
theory on finite G-CW complexes, by setting
Xn(A)[∗](G/H) = [A,ΣnX[∗]]
H
.
Let tow-cohom be the category of tow-Mackey functor-valued RO(G)-graded cohomology theories on finite G-CW
complexes. Let κ : tow-GS → tow-cohom be the functor that takes pro-spectra to their corresponding cohomology
theories.
Definition 4.11. A pseudo-homotopy category for tow-GS is a category k(tow-GS ) and a functor tow-GS →
k(tow-GS ) such that
(1) every weak equivalence in tow-GS is mapped to an isomorphism in k(tow-GS ) and
(2) κ factors through k(tow-GS ).
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Proof. Consider the following diagram.
tow-GS
κ
h(tow-GS )
λ
seq-tow-GS
κ ′
h(seq-tow-GS )
λ′
seq-tow-cohom
tow-cohom
Here, seq-tow-cohom is the category of seq-tow-Mackey functor valued RO(G)-graded cohomology theories. That λ′
exists follows from the fact that h(seq-tow-GS ) is obtained from seq-tow-GS by inverting weak equivalences. That
λ exists then follows from the fact that λ′, when restricted to the subcategory h(tow-GS ), takes values in the full
subcategory tow-cohom. 
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